Week 6 PYQs
Machine Learning Foundations
May 22 - Sep 25

Note

1. If no questions are listed in that term Quiz, it indicates that the corresponding quiz
did not include questions from that week.

2. The answer key may contain minor inaccuracies, as answers were taken directly from
the original quiz/exam papers. Some of these might have been corrected later.

3. For any issues or suggestions regarding this document, feel free to contact:
23£3004032@ds .study.iitm.ac.in
or reach out on Discourse: ©23£3004032



Quiz 1 May 22



Quiz 2 May 22

1. The matrix

4 1 -1
A=11 2 1
1 -1 2
is
(a) positive definite
(b) positive semi-definite
(c) negative definite
(d) negative semi-definite
[Ans: al
2. If v1,v9,...,v, € R" are orthonormal vectors, then which of the following statements
is/are true?
(a) v]v;=0,1<i<n, 1<j<n,i#]
(b) vIv;=1,1<i<n
(¢) Matrix formed by vectors vy, ..., v, is orthogonal
(d) Matrix formed by vectors vy, ..., v, is symmetric
[Ans: A, B, C]

3. Which of the following statements are correct?
(
(

a) Every positive definite matrix is invertible

b) A diagonal matrix with positive entries is positive definite
)
)

(¢) A symmetric matrix with positive determinant is not necessarily positive definite

(d) If matrix S is positive definite then S~ is also positive definite

[Ans: A, B, C, D]

4. The singular value decomposition of matrix

1 —1 3
AL’) 3 1}

is
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[Ans:a]

5. Let matrix

Suppose eigenvalues of AA” are a,b,c. Then find a + b + c.

[Ans: 9]



ET May 22

1. Compute the Hessian matrix at the point (0,1,7) of the following 3 variable function:

F,y,2) = e - cos(y2).
[0« 1
(a) |7 0 —1
10 1
(1 7 1]
(b) |# 0 -1
1 -1 0|
[0 = 1]
(¢c) |m 0 -1
1 -1 0
(-1 0 0
(d |0 =% =«
|0 7 1

(e) None of these

[Ans: 4]

2. The matrix A= | 1

—1

18:
1 2

(a) positive definite
(b) positive semi-definite

¢) negative definite

(
(d

(e) None of these

negative semi-definite

)
)
)
)
)

[Ans: 1]



Quiz 1 Sep 22



Quiz 2 Sep 22

1. Consider the matrix

and choose the correct option(s):

(a) The eigenvalues of A are non-negative

(b) The matrix A is a positive semidefinite matrix
)
)

(c

(d) The matrix A is positive definite

The eigenvectors of A are v; = (—1,1),v5 = (1,2)

[Ans: A, B]

2. Let v; and vy be two non-zero real vectors of size 3 x 1. Suppose that v{vy = 0,
vIv; =1 and vlvy, = 1. Let A be a 3 x 3 matrix given as

A = 20,0] + 3ugv;

then eigenvalues of A are Ai, Ay and A3. Find the value of A\ + Ay + As. [Ans:5]
3. Let
2 =2 0 2 2 =2
A=|-2 1 =2|, B=1]2 5 —4
0 -2 1 -2 —4 5

Choose the correct option:

(
(

a) Only A is positive definite

)
b)
)
)

Only B is positive definite
Both A and B are positive definite

(c

(d) None is positive definite
[Ans: b]
4. The SVD of matrix

is

—0.894 0.447] [v81 0] [ 0447 0.894
0.447 0.894| | 0 /1] |—0.894 0.447

7
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b 5

0
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[Ans:a]



ET Sep 22

1. For what value of k, the function f(x) = kz,? + 29% — kxy25 is positive semi-definite?

[Ans: 3]

2. Let f be a function of three variables. The eigenvalues of Hessian of f are 2, 4, 1. Then
what does f give?

[Ans: 1]



Quiz 1 Jan 23
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Quiz 2 Jan 23

1. Find the rank one approximation of the matrix

2 0
A= |0 =3
0 O

corresponding to its largest eigenvalue.

(a)

[Ans:d]

2. Let A be an n x n positive definite matrix. Then which among the following statements
are correct?

[Ans: a, b .d |
3. Consider a matrix
A 2 b
- |b 8
For what value of b is the matrix A positive definite?

11



)
b) b > —4

(c) b>4and b< —4
(d) -4<b<4

(a) b<4
(

4. Find the minimum value of
1
5(21‘2 + 2bzy + 8y°) — x

for b in the valid range based on previous question

4
b2—-16

4

)
)~
)
)

(a
(b
(c
(d

8
b2—16

__ 8
b2—16

12

[Ans:d]

[Ans:al



ET Jan 23

1. Suppose A is a symmetric positive definite matrix and Q is a orthogonal matrix, then
which of the following statements is/are true?

(a) QTAQ is a diagonal matrix.
(

)
b) QT AQ is symmetric positive definite.
(c) QTAQ has the same eigenvalues as A.
) €

(d 4 is symmetric positive definite.

[Ans: 2, 3, 4]

13



Quiz 1 May 23
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Quiz 2 May 23

1. Which among the following statements is/are true?

(a) Positive semidefinite function has only global minimum
(

(c

(d) Negative semidefinite function has both min and max

)

b) Positive semidefinite function has both min and max
) Negative semidefinite function has only global maximum
)

[Ans: A, C]
2. Which among the following functions are positive definite?
(a) Qz,y) =2 —zy+y’
(b) Q(z,y) = 2* = 2zy + y°
(c) Qz,y) =2* +xy
[Ans: A]

3. Given the following information about a 4 x 2 matrix A:
e The characteristic polynomial of AT A is (A — 48)(A — 12).
e Eigenvectors of AT A corresponding to eigenvalues A = 48, \ = 12 are q; = \/LE {ﬂ
1
_ 1
and ¢ = 7 [_11.

4/V2 —2//2

—8//2 0
AQI - 0 ) Aq2 = 4/\/§

4/V/2 2/v/2

What is the matrix A?

(a)

1 3
0 0
2 —2
1 -1

(b)
2 2
4 —4
0 0
2 2

15
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[Ans: 4]



ET May 23

1. Let A be an n x d matrix with right-singular vectors vy, ..., v,., left-singular vectors
U1, ..., Uy, and corresponding singular values o1, 0, ...,0, If A =377 o;uv], select the
correct options from the following:

(a) Each of o;u;v] is a rank one matrix.
(b) Each of oyu;v! is a matrix of rank r.
(¢c) For B=ATA, B=3%""_ olvvl.
(d) For B=AAT, B=Y%"_ ctvvl.

[Ans: 1, 3]

17
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Quiz 2 Sep 23

1. Let
1 0 1
A=11 -1 0
0 0 1

One of the eigenvalue of A is given to be 1 with the corresponding eigenvector [0,1,0]7.
Find the Schur’s decomposition of A, i.e., find a matrix U with orthonormal columns
such that UT AU is uppertriangular.

(a) ] _
1 10
1 00
0 0 1]
(b) ] _
1 00
010
0 0 1]
() ] _
010
100
0 0 1]
(d) ] _
0 01
100
0 1 0]
[Ans: ¢]
2. Consider
3 2 1
A=12 3 1
0 01
(a) Find the condition number Z!.
[Ans: 2.23]
(b) Is the matrix A positive definite?
i. Yes
ii. No
[Ans: 1]

19



(c) Suppose the SVD of A is given. What is the rank of A7

(d) Which of the following options are true?

i. Columnspace(A) = span
ii. Columnspace(A) = span

iii. Nullspace(A) = span

iv. Nullspace(A) = span

[2]
1
0]
0]
0
1]

47 [-1
510,10
2l |-2
21 [-1
L,

0

20

[Ans: 2]

[Ans: 1, 4]



ET Sep 23

1. Let A be an n X n positive definite matrix. Then, which among the following are
correct?

(
(

a) AF is positive definite, for all k > 1.

)
b) Each of the diagonal entry of A will be positive.
(c¢) rA is positive definite, r € R

)

(d) A~!is positive definite.

[Ans: 1, 2, 4]
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Quiz 2 Jan 24

1. Consider
A pr—

O = N
=N

(a) Let A= Q1XQT be the SVD of A. Which of the following options is/are true?
5 2
. T o
i. A"A= [3 2]
ii. Eigenvalues of AT A are 6 and 2

iii. An eigenvector corresponding to eigenvalue 6 is [1]

2v5 _\V5
iv. Orthonormalized eigenvectors of AT A are 25 ’ &%
5 5
[Ans: 3, 4]
(b) Which of the following options is/are true?
(V6 0
| 0 0
(V6 0
i Yx=1]10 1
| 0 0
iii.

26 5

Q2 = ig &%

5 5

iv.

2v6 V5

Q2 = 25 ﬁ

5 5

[Ans: 2, 3]
2. Consider

(a) Which of the following represents matrix A7
. 12 6
R P

. |2 —6
C

23



. -2 —6
V. | g o

(b) Which of the following options is/are true?

[Ans: 1]

i. A is a negative definite matrix

ii. A is a positive definite matrix
iii. A is a negative semi-definite matrix
iv. A is a positive semi-definite matrix

v. A is an indefinite matrix

[Ans: 5]

24



ET Jan 24

1. Let A be a real symmetric positive definite matrix. Which of the following options
is/are true?

(a) The eigenvectors of A may or may not be orthogonal.
(

)
b) If A is similar to a diagonal matrix B, then B is also positive definite.
(c) AT A is not positive definite.

)

(d) AT A is not similar to a diagonal matrix.

[Ans: 2]

25
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Quiz 2 May 24

1. Consider

X1

f(zy, 19, 23) = (11 T2 23)A |22 | = 22129 + 42925 — 2° — 525 — 313

T3

(a) Which of the following represents matrix A?

ii.

1

1
0

[—1

1
)
2
—1
)

0
2
-3
0
2

iil.

1v.

-3

[Ans: 3]
(b) The matrix A is
i. positive definite
ii. negative definite

[Ans: 2]
2. Consider
10
10

1
-1

|

(a) Which of the following is correct for @17

|

|

ii.
iii.
iv.

[Ans: 2]

27



(b) Which of the following is correct for Q27

ii.

1il.

1v.

100
00 1
01 0
[1 0 0]
01 1
01 0
1 1 0]
00 1
01 0
[—1 0 0
0 01
0 10

(c) Which of the following is correct for 37

i.

11.

111.

1v.

V2 0 0
|0 —ﬂo}

0 0
2 0

V2

IO[\DI

i

(\]

V2 0

0
\(/)‘00}

3. Which of the following options is/are true?

(
(

(c

(d) For any matrix A, ATA is orthogonally diagonalizable

)
)
)
)

a) Any matrix of order n x m is similar to an upper triangular matrix
b) If A is not symmetric, then AT A cannot be symmetric

If A is positive definite, then A? is positive definite

28

[Ans: 1]

[Ans: 4]

[Ans: 3, 4]



ET May 24
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Quiz 1 Sep 24
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Quiz 2 Sep 24

1. Consider
2 -1
A=11 2 —i
-t 1 2
Diagonalize as A = QAQT. Then A is

0 0

(a) 3+v2 0
0

3
0
0
20
(b) [0 2+v3 0
0 0
3
0

0
2+v3 0
0 0 2-+3]

(d) Not diagonalizable

()

[Ans: 2]

2. Given
Q(-ﬁ[, Y, Z) = 3];2 + 2y2 + 22 + 4$y + 2xz + 4y2

expressed as [z y z|M[z y 2]7, find M.

(a)

(b)

()

1 1 LI |
= I\ N DN W _— N W
—— N W DN DO DO N DO DO
o= = NN N

(d) None
[Ans: 1]

. . 1 01
3. Consider the matrix A = (_1 10

form of A be written as A = Q;XQY.

). Let the singular value decomposition (SVD)

31



(a) Which of the following options is/are true?

. 1 1

1. Ql = (_1 1)

. 1 1

ii. Q1 = \/Li (_1 1)
1 1
iii. Q1 = \/Li (_1 _1)

. -1 1
v. Ql—\/§<1 1)

[Ans: 2]
1ch of the tollowing options 1s/are true?
b) Which of the followi i i ?
2 -1 1
LQF=% 0 V3 V3
V2 1 V2
2 -1 1
i Q=71 0 V3 V3
“VE V3 V2
2 -1 1
ii. Q3 =5 | 0 V3 V3
V2 =2 V2
2 -1 1
iv. QT:\/LE 0 V3 V3
V2 V2 V2
[Ans: 4]
(¢) Which of the following options is true?
o« (V300
- E_(0 10
. 300
11.2—(0 1 0)
1 00
iii E(O 1 0)
iv. X = V3 0 0
T N0 VB oo
[Ans: 1]

4. Which of the following statements is true about the matrix A = (411 146)?

32



a) A is positive definite.

b)

(c) A is negative definite.
)

(
(

A is positive semi-definite.

(d) A is negative semi-definite.

[Ans: 2]

33



ET Sep 24

T
1. Consider the quadratic form f(zy, e, 23) = (1 x2 23)A(22) = 2x 29+ 2% + 523+ 323

T3

where A is a matrix. Which of the following is/are true for matrix A7

(a) A is a positive definite matrix.
(b)
)
)

A is not a singular matrix.

(c

(d) A is a negative definite matrix.

A is not a symmetric matrix.

[Ans: 1, 2]

34
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Quiz 2 Jan 25

1. Let A be an n x n positive definite matrix with singular values o1, 09, ..., g,. Which of
the following is true?

a) o; > 0 for all i.

(a)

(b) A has at least one zero singular value.

(c) The eigenvalues of A must be negative
)

(d) If o; = 0 for all i, then A is the zero matrix.
[Ans: 1, 4]

2 1 0
1 =2 0|
form of M be written as M = Q;2Q%F. Which of the following options is/are true for
?

2. Consider the matrix M = [ Let the singular value decomposition (SVD)

[Ans: 4]
: : 2 1 0 : : L
3. Consider the matrix M = L 9 O]' Which of the following options is/are true for
Q37

3 -1 1
@ Q=% | 0 ViV
V2 1 V2
3 —1 1
) QF=] 0 V3 V3
VI VB -V
3 -1 1
©a-%|0 Vi v
V2 V2 V2

36



o O
O — O

— O O

we-|

[Ans: 1, 3]

37



ET Jan 25

1. Which of the following statements about singular value decomposition (SVD) is/are
true?

(a) Singular value decomposition is possible only for a square matrix.
(b) Singular value decomposition is possible only for a symmetric matrix.
(¢) The singular values of a matrix are always non-negative.

)

(d) The singular values of matrices A and AT are the same.

[Ans: 3, 4]

38
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Quiz 2 May 25

1. Given the quadratic form Q(z,vy, z) = 2 + 2zy — 2xz. Which of the following is true?

Q is positive definite.
b

(a)
(b) Q is positive semi-definite.
(c) Q is negative definite.

(d)

(e) None of these

Q is negative semi-definite.

[Ans: 5]
2 -1 0
2. Which of the following statements is true about the matrix A= [ -1 2 —1]7?
0o -1 2
(a) A is positive definite.
(b) A is positive semi-definite.
(c¢) A is negative definite.
(d) A is negative semi-definite.
[Ans: 1]

3. Let A € R"™9 be a centered data matrix, where d > n. Which of the following
statements about the eigenvalues of AAT € R™" and ATA € R™? is true?

(a) AAT and AT A have different sets of non-zero eigenvalues.
(b) The non-zero eigenvalues of AA” and AT A are equal.

) All eigenvalues of AT A are zero.

)

(c

(d) AT A has more non-zero eigenvalues than AAT.

[Ans: 2]

40
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Quiz 1 Sep 25
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Quiz 2 Sep 25

1. Consider the quadratic form f(z,y, z) = 2? —y? + 222 + 20y — dyz +4xz. If f(x,y,2) =
vT Av where v = (2,9, 2)T and A is a 3 x 3 matrix, which of the following is A?

1 2
-1 =2
-2 2

(a)

LI | LI |
=== N = = NN O = N
|
(N}
[N}

[Ans: 1]

2. Consider the quadratic form f(z,y,2) = 2% —y? +222 + 20y —4dyz +4xz. If f(z,y,2) =
vT Av where v = (2,9, 2)T and A is a 3 x 3 matrix, which of the following is A?

(a)

LI | LI |
=== N == NN O = N
|
[\
DO

[Ans: 1]

3. Consider a matrix A of shape 2 x 2. The SVD of A is given by ULVT. The columns
of U are the left singular vectors and the columns of V are the right singular vectors.
The following details are given:

e The first left singular vector is u = (

o
S

43



e The first right singular vector is v = (

g
S

e The first singular value is 0 = 5

Find vT Av. [Ans: 3.9 to 4.1]

4. The singular value decomposition exists only for square matrices.

(a) True
(b) False

[Ans: 2]

5. Which of the following are the singular values of A = ; [ 31 _31} ?

[Ans: 1]

6. If B is a symmetric matrix, consider statements P and Q:

e P: If )\ is an eigenvalue of B, then |)\| is a singular value of B.

e Q: If X is a singular value of B, then X is an eigenvalue of B.
Select the most appropriate option.

(a) P is true, Q is false
(b) Q is true, P is false
(c) Both P and Q are true
(d) Both P and Q are false

[Ans: 1]

44



ET Sep 25

1. Let f(z,y) = 2%y +y® — 22% — 3y?> + 1. What is the Hessian matrix H(z,y) of the
function f(z,y)?

(a) (23/2;4 6;? 6)
(b) (6y2f6 - 4)
(c) (63/2;6 Q;f 4)
o (" ")

[Ans: 1]

2. Let A be an m x n matrix. The Singular Value Decomposition (SVD) of A is A =
UXVT. Which of the following is true?

(a) U and V are orthogonal matrices.

(b) ¥ is a diagonal matrix containing singular values.
)
)

(c) The singular values are the square roots of the eigenvalues of AT A.
(d) All of the above.

[Ans: 4]
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